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Numerical air quality models are pivotal for the prediction and assessment of air pollution, 
but numerical model outputs may be systematically biased. An additive dynamic model 
is proposed to correct large-scale raw model outputs using data from other sources, 
including readings collected at ground monitoring networks and weather outputs from 
other numerical models. An additive partially linear model specification is employed for 
the nonlinear relationships between air pollutants and covariates. In addition, a multi-
resolution basis function approximate is proposed to capture the different small-scale 
variations of biases, and a discretized stochastic integro-differential equation is constructed 
to characterize the dynamic evolution of the random coefficients at each spatial resolution. 
An expectation-maximization algorithm is developed for parameter estimation and a 
multi-resolution ensemble-based scheme is embedded to accelerate the computation. 
For statistical inference, a conditional simulation technique is applied to quantify the 
uncertainty of parameter estimates and bias correction results. The proposed approach 
is used to correct the biased raw outputs of PM2.5 from the Community Multiscale Air 
Quality (CMAQ) system for China’s Beijing-Tianjin-Hebei region. Our method improves the 
root mean squared error and continuous rank probability score by 43.70% and 34.76%, 
respectively. Compared to other statistical methods under different metrics, our model has 
advantages in both correction accuracy and computational efficiency.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Numerical air quality models, such as the Nested Air Quality Prediction Modeling System (NAQPMS) (Wang et al., 2006) 
or the Community Multiscale Air Quality (CMAQ) model (Byun and Schere, 2006), have been extensively used in environ-
mental science, especially air pollution forecast. Based on numerical models, the pollution concentration forecasts at fine 
spatial and temporal scales are generated by solving deterministic differential equations. However, numerical model outputs 
are usually biased. The reasons are manifold. Due to the expensive computation of the numerical models, the unknown 
parameters of the differential equations cannot be adjusted timely when new data become available (Xie et al., 2009). The 
differential equations in numerical models depend heavily on initial inputs such as meteorology variables, emission, trans-
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portation dynamics, and ground characteristics (Byun and Schere, 2006; Bakar, 2012; Appel et al., 2017). The errors in initial 
inputs also introduce forecast bias. Therefore, calibration is critical for both the model parameters (Kennedy and O’Hagan, 
2001; Higdon et al., 2008; Brynjarsdóttir and O’Hagan, 2014; Salter et al., 2019) and model outputs. While the more general 
framework for forecasting is to tune the input parameters of computer models than to calibrate numerical model outputs, 
the latter has gained attention in statistics; see Xie et al. (2009); Kang et al. (2010); Huang et al. (2017, 2019); Heinrich et 
al. (2021) and references therein. In this work, our motivation is to correct the bias of raw CMAQ outputs instead of the 
model parameters inputs, and hope to apply the corrected pollution map to other studies (e.g., to access the health impacts 
of air pollutants, see Jiang and Enki Yoo (2019)). To this end, we focus on building spatiotemporal statistical bias correction 
models for the raw CMAQ data along with other data sources. The proposed approach is a data-adaptive way to describe 
how the bias in raw data is developed, and provides a flexible and efficient framework to generate accurate pollution maps, 
especially for researchers outside the environmental science community who have no access to numeral modeling systems.

To improve the bias correction accuracy, a strategy commonly used is to combine the numerical model outputs with data 
from other sources. The most important data source in our study is reading from monitoring stations. Although monitoring 
stations are usually sparsely located and occasionally suffer from malfunctions, they provide direct measurements of actual 
pollutant concentrations and serve as a valuable reference for regional corrections.

In the literature, there are several methods to fuse model outputs with data from multiple sources. Under a point-to-
block framework, Fuentes and Raftery (2005) proposed a fully model-based scheme, also known as the “Bayesian melding,” 
where the grid-level model output is expressed as an integral of the underlying point-level process that is related to actual 
observations. The Bayesian melding approach provides a flexible Bayes procedure to account for the bias in numerical 
model outputs. However, for a large spatial domain, grid cells are too many to make the Bayesian melding computationally 
infeasible. To reduce the computational cost, McMillan et al. (2010) employed a latent process on the grid level rather 
than the point level and developed a spatio-temporal version of the Bayesian melding method. Different from the Bayesian 
melding approach, Berrocal et al. (2010a,b, 2012) proposed an alternative model-based strategy, known as “downscaling,” 
where the outputs from the numerical model are downscaled from grid level to point level. To be specific, the numerical 
model outputs are downscaled as a site-specific explanatory variable, which is related to the site observational data via 
a spatially varying coefficients (SVC) regression model (Gelfand et al., 2003). The varying coefficients are assumed to be 
Gaussian processes via the coregionalization method (Schmidt and Gelfand, 2003), and then the correction in each grid cell 
can be computed by a stochastic integral over the corresponding grid cell; see Berrocal et al. (2010b) for more details.

Despite the widespread usage of the approaches mentioned earlier such as the Bayesian statistical downscaling approach 
(Berrocal et al., 2010b) for improving CMAQ-based outputs (Shaddick et al., 2018; Jiang and Enki Yoo, 2019; Mendy et al., 
2019), it remains challenging to further improve the bias correction accuracy and computational efficiency (Vannitsem et 
al., 2021). Firstly, most models used in bias correction are performed in a linear regression framework (Guillas et al., 2008), 
which may not be able to accurately characterize the relationships between the response and other variables. For example, 
Liang et al. (2015) shows that the PM2.5 (i.e., fine particulate matters with aerodynamic diameters less than 2.5μm) concen-
trations are highly nonlinear with respect to weather variables in China’s Beijing. Secondly, classical space-time downscaling 
approaches such as the smoothed downscaler model (Berrocal et al., 2012) often adopt conditional autoregressive struc-
tures (e.g., AR(1)) to capture temporal correlation, while the evolution of spatio-temporal interactions is ignored. Lastly, 
the Bayesian methods used in earlier studies face computational difficulties for large datasets and hinder their broader 
applications.

In this work, we propose an additive dynamic model to correct raw numerical model outputs. An additive partially 
linear model is employed to capture the relationships between observations and numerical model outputs. We model the 
small-scale variations of the additive biases of model outputs using a multi-resolution basis function approximation. An 
effective discretized stochastic integro-differential equation (IDE) model defined on multi-resolution regular grid cells is 
used to characterize the dynamic evolution of the random coefficients. For parameter estimation, we develop an efficient 
algorithm by embedding a multi-resolution ensemble-based method in the expectation-maximization (EM) algorithm, which 
enables fast computations of the latent spatio-temporal process filtering, smoothing, and parameter estimation. Moreover, 
the uncertainties of parameter estimate and bias correction are quantified using a conditional simulation technique that is 
computationally efficient (Nychka et al., 2015). Our approach differs from earlier methods in that, it not only captures the 
nonlinear relationship between response and other variables, but also pictures the dynamic evolution of multi-resolution 
space-time interaction. In addition, the computational complexity of our method is not heavily affected by the data size, 
especially the number of grid cells of numerical model outputs. The proposed bias correction approach is demonstrated 
using the PM2.5 concentration data in China’s Beijing-Tianjin-Hebei (BTH) region along the CMAQ model outputs and the 
readings at the monitoring stations.

The rest of the paper proceeds as follows. We introduce the PM2.5 datasets in Section 2, describe the proposed addictive 
dynamic correction model (ADCM) in Section 3, and explain the implementation of the method in Section 4. Section 5
investigates the ADCM’s ability to capture nonlinear relationships and spatio-temporal patterns using a simulation study. 
In Section 6, using the data from the BTH region, we first compare the prediction performance of the ADCM with several 
widely used methods and then apply the ADCM to correct the raw CMAQ PM2.5 outputs. We conclude with a discussion in 
Section 7. Technical details of the competing models can be found in the Supplementary Material. Data and code for this 
work are available online under https://github .com /ChenYW68 /ADCM.
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Fig. 1. Maps of the BTH region under different gridding systems with the locations of 68 monitoring stations marked by the red dots. (a) Map with the 
centroids of 5,587 9-km CMAQ grids (gray dots). (b) Map with the centroids of 2,141 15-km NAQPMS grids (gray dots). (For interpretation of the colors in 
the figure(s), the reader is referred to the web version of this article.)

2. Motivating applications

2.1. Data description

In the past decade, China launched a series of movements to reduce air pollution and carbon emissions, including the Air 
Pollution Prevention and Control Action Plan between 2013 and 2017 (China’s State Council, 2013), the “Blue Sky Defense 
Battle” between 2018 and 2020 (China’s State Council, 2018), and the long-term “Beautiful China” targets through 2035
(China’s State Council, 2021). Even though the air quality in China has improved tremendously in recent years (Lu et al., 
2020), there remain unresolved challenges, especially in assessing and controlling PM2.5, in the BTH region, which is one of 
the most polluted areas in China with over 100 million residents.

We collect the daily data from November 1, 2015 to January 31, 2016 in the BTH region from three data sources. The 
first data set consists of PM2.5 concentrations observed at 68 national monitoring stations in the region. The second data are 
CMAQ model outputs of the PM2.5 concentration at a 9-km resolution from a total of 5,587 grid cells, where 2,499 grid cells 
are located in the BTH region and the rest are in the area adjoining the BTH region; see Fig. 1 (a) for the spatial distribution 
of the CMAQ grid cells. The third data are gridded meteorological variables, including temperature (◦C), air pressure (Pa), and 
cumulative wind power (m/s), generated by the Weather Research and Forecasting (WRF) model (Skamarock et al., 2019) 
and available from the NAQPMS (Kong et al., 2020). The third dataset contains 2,141 gridded outputs at 15-km resolution 
with 963 grid cells inside the BTH region and 1,178 grid cells outside the region; see Fig. 1 (b) for the distribution of 
NAQPMS grid cells. The locations of 68 monitoring stations are also marked with red dots in Figs. 1 (a) and (b).

2.2. Multi-source data fusion

To connect the gridded data of the numerical models to the readings collected at the monitoring stations, we transform 
the numerical model outputs from grid level to point level using the inverse distance weighting method (Gotway et al., 
1996). Specifically, for any location s, the CMAQ PM2.5 outputs within a circle centered at s with a radius of γ are used in 
the transformation to obtain a weighted CMAQ variable. In this work, we set γ to be about 50 km, corresponding to the 
spatial range of the PM2.5 readings; see Fig. 2 (a). Compared to the CMAQ PM2.5 outputs, we use a smaller circle with a 
radius of 15 km in the transformation procedure of the NAQPMS weather outputs because over-smoothed data can result 
in a less efficient estimation of nonlinear relationships between the PM2.5 readings and other meteorological variables. In 
particular, the grid cells outside the region in Figs. 1 (a) and (b) are used to construct the weighted outputs of two numerical 
models near the boundaries of the BTH region.
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Fig. 2. Interpolated surface created using the R package MBA (Finley et al., 2017) and contour lines obtained using the R package gstat (Gräler et 
al., 2016) of empirical spatio-temporal variograms in the BTH region. (a) The observed PM2.5 concentrations. (b) The residuals from the model PM2.5

∼ 1 + x +∑4
k=0 gk(zk), fitted by the R package mgcv (Wood, 2022), where the definitions of x, zk , and gk(·) can be found in Section 3.

Fig. 3. Scatter plots of CMAQ PM2.5 outputs versus observations at Beijing and Zhangjiakou, where “Corr” represents the Pearson correlation coefficient 
between CMAQ PM2.5 outputs and observations. Three reference lines with slope k = 0.5, 1, and 2 are colored in gray.

2.3. Data exploration

Our descriptive analyses demonstrate the necessity of correction of the CMAQ outputs in the BTH region. The scatter 
plots in Fig. 3 compare the CMAQ outputs with the observed PM2.5 concentrations at two cities. It is evident that the CMAQ 
outputs underestimate the concentrations in Beijing but overestimate the concentrations in Zhangjiakou. Furthermore, the 
highest CMAQ output among all cities in the BTH region is 506.440 μg/m3, which is much lower than the actual maximum 
observed PM2.5 concentration of 735.625 μg/m3.

The datasets involved in this work display several important data characteristics that require transformation and con-
sideration. First of all, as the observed PM2.5 concentrations show clear right skewness due to extreme values, we employ 
the square root transformation to both the observations and CMAQ outputs to stabilize the variance as seen in Sahu et al. 
(2006) and Sampson et al. (2013) (see Fig. S1 of the Supplementary Material), resulting in an increase in the correlation 
of 0.59 to 0.65. The moderately high correlation implies that a linear model is adequate to connect the PM2.5 observations 
and the CMAQ outputs. Second, as seen from the empirical spatio-temporal variogram given in Fig. 2 (b), the residuals from 
observed data minus fixed effects contain ample spatial and temporal information. In particular, the spatial and temporal 
ranges are about 50 km and 5 days, respectively, suggesting a need to account for the spatio-temporal correlations in the 
bias correction models. Meanwhile, the empirical variogram exhibits a complex pattern that varies across different lags in 
space and/or time. This calls for appropriate methodologies for complicated spatio-temporal interactions. Third, the rela-
tionships between the PM2.5 readings collected from monitoring stations and other variables (i.e., the time variable and 
four meteorological variables described in Section 2.1) are not linear, as illustrated in Figs. 4 (a)-(e). Last, there exhibits a 
significant spatio-temporal variability in the PM2.5 concentrations of the BTH region. The spatial variability can be seen in 
Fig. 3 where the PM2.5 concentrations in Beijing are much more variable than that in Zhangjiakou. The strong temporal 
variation is illustrated through the time series plot in Fig. 4 (a) where the PM2.5 concentrations around December are much 
higher than other times of the year.
4
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Fig. 4. (a) Time series plot of the observed PM2.5 concentrations; (b)-(e) Scatter plots of the observed PM2.5 concentration against surface temperature, 
surface pressure, and eastern and northern cumulative wind powers, respectively.

3. Methodology

Let D represent the BTH region that contains n = 68 monitoring stations, denoted by s1, . . . , sn . At each monitoring 
station, the daily PM2.5 readings are recorded for a total of Nt = 92 days. Denote yt(s) as the square root of the reading of 
the monitoring station at location s ∈ D and time point t . Based on the data explorations in Section 2.3, we connect yt(s)
with the numerical model outputs through an additive partially linear model:

yt(s) = β0 + β1xt(Cs) + g0(t) +
4∑

κ=1

gκ

(
zt,κ (Cs)

)+ wt(s) + εt(s), (1)

where β0 represents the intercept, xt(Cs) is the square root of the weighted average CMAQ outputs at location s and 
time point t as described in Section 2.2 with a corresponding regression coefficient β1. The terms zt,1(Cs), · · · , zt,4(Cs)

represent four weighted weather outputs of NAQPMS, including surface temperature, surface pressure, eastern and northern 
cumulative wind powers. Along with the time variable t , these weighted outputs are connected to the readings through 
unknown smooth functions g0(·), · · · , g4(·). We define wt(s) as a zero-mean spatiotemporally correlated process to capture 
the small-scale variation of the additive bias of numerical model outputs, and εt (s) is a zero-mean Gaussian white noise 
with variance σ 2.

For simplification, we let zt,0(Cs) = t and k = 0, 1, · · · , 4. Assume that the unknown smooth functions gk(·) can be 
approximated by a basis expansion,

gk
(
zt,k(Cs)

)=
Jk∑

j=0

αk, jφk, j
(
zt,k(Cs)

)
, (2)

where the 
{
φk, j(·)

}
are the basis functions with the corresponding basis coefficients of {αk, j}. To avoid identifiability issues, 

we assume E
{

gk
(
zt,k

)}= 0 for each k, which leads to another constraint directly, that is 
∑n

i=1
∑Nt

t=1

∑ Jk
j=1 αk, jφk, j

(
zt,k(Csi )

)
= 0; see Section 5.4.1 of Wood (2017) for more details on this topic. Following (2), the model (1) can be rewritten as

yt(s) = β0 + β1xt(Cs) +
4∑

k=0

Jk∑
j=0

αk, jφk, j
(
zt,k(Cs)

)+ wt(s) + εt(s). (3)

Different from many other additive partially linear models, our model (3) is capable of fitting data with spatiotemporally 
correlated errors that are much more common and practical than independent errors. Moreover, the wt(s) process accounts 
for the dependence in the observations resulting in a more efficient estimation of the regression and basis coefficients 
compared to other methods; also refer to Table 1 obtained using a simulation study in Section 5.

To model wt(s), a widely used scheme is based on descriptive approaches (Wikle et al., 2019), where the joint spatio-
temporal dependence is described using various covariance functions such as Gneiting class (Gneiting, 2002) under the 
stationarity assumption. However, these approaches would be computationally expensive for our study as they require the 
inversion of a (68 × 92) × (68 × 92) matrix in each iteration. In the literature, several strategies were adopted to re-
duce computational complexities, including fixed-rank approximations (Cressie and Johannesson, 2008; Cressie et al., 2010), 
sparse-matrix approximations (Furrer et al., 2006; Lindgren et al., 2011; Datta et al., 2016a,b), Gaussian predictive processes 
(Banerjee et al., 2008; Finley et al., 2012; Zhang et al., 2015, 2019), and others. In this work, we combine a basis function 
approximation of the process wt(s) presented in Section 3.1 with an IDE approach for the coefficients as dynamic processes 
given in Section 3.2. This integrated approach does not require solving the covariance of wt (s) explicitly and alleviates the 
computational burden.

3.1. Multi-resolution basis function approximation of spatio-temporal processes

The basis function approximation is a standard tool to model a spatial or spatio-temporal process due to its flexibility and 
computational efficiency. Many methods based on this framework have been developed, including the LatticeKrig (Nychka 
5
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et al., 2015), the fixed-rank kriging (FRK, Cressie and Johannesson (2008)) approximation, the stochastic partial differential 
equation (SPDE, Lindgren et al. (2011)) approaches, the multi-resolution approximation (MRA, Katzfuss (2017); Jurek and 
Katzfuss (2021)), and references therein.

The monitoring station readings and numerical model outputs have different spatial supports, leading to differences in 
capturing spatial small-scale features. In our model, we use wt (s) in (3) to capture the spatial features at different scales. 
This is accomplished through a multi-resolution basis function approximation where the spatial variations at various scales 
are expressed in terms of the random coefficients at different resolutions. More specifically, we approximate process wt (s)
through an R-resolution basis function

wt(s) =
R∑

r=1

Nr∑
l=1

h(r)
l (s)v(r)

t

(
Br

l

)
, (4)

where 
{

h(r)
l (s)

}Nr

l=1 are two-dimensional spatial basis functions evaluated at location s and spatial knot Br
l , and 

{
v(r)

t (Br
l )
}Nr

l=1

are the corresponding Nr spatio-temporal random coefficients related to the spatial knots {Br
l }Nr

l=1. The knots 
{

Br
l

}Nr

l=1 are 
usually selected to be a discrete set of locations from the study region D and its extended area; more details are provided 
in Section 4.1.

Our model (4) is flexible enough to fit data with complex structures especially data with spatial and temporal variations. 
Earlier studies including Cressie et al. (2010), Ma and Kang (2020), and Zammit-Mangion and Cressie (2021) model the 
space-time process as a product of spatio-temporal basis functions (e.g., the tensor product of spatial and temporal basis 
functions) and some temporal random coefficients. In contrast, the space-time process wt (s) in (4) is a product of spatial 
basis functions and some spatio-temporal random coefficients. These random coefficients allow for variations in both space 
and time - a more realistic assumption for real-life datasets than the temporal random coefficients alone, as seen in Figs. 3
and 4 (a).

Model (4) is computationally efficient for datasets collected from a large number of observations in space (i.e., n is large) 
or large-scale numerical model outputs. Based on the multi-resolution approximation in (4), the computational complexity 
mainly depends on the total number of spatial knots (denoted by Nv , where Nv = ∑R

r=1 Nr ) and is weakly related to the 
number of numerical model grid cells and the number of stations; see Section 4.2.2 for a more detailed discussion. In 
practice, the number of spatial knots is usually much less than that of the numerical model grid cells, e.g., 788 versus 
5,587 in this work; see Section 4.1. We also assume the random coefficients at different resolutions are mutually and 
serially independent (i.e., when r �= r′, cov

(
v(r)

t

(
Br

l

)
, v(r′)

t′
(

Br′
l′
)) = 0 for all 

(
Br

l , t
)

and 
(

Br′
l′ , t

′), here l′ = 1, 2, · · · , Nr′ and 
t′ = 1, 2, · · · , Nt ; similarly hereinafter), thus model (4) allows the number of spatial knots to exceed the spatial size of data 
(i.e., Nv > n) without much additional computational cost; see Section 4.2.2. Therefore, the proposed model can speed up 
parameter estimation significantly.

3.2. Dynamic specification for the random coefficients of basis function approximation

A dynamic specification is employed to capture the space-time interactions in our data. As seen in Fig. 2, the observed 
concentrations in the BTH region display lagged auto-correlation in both space and time. The IDE approach has gained con-
siderable attention and becomes a popular tool for modeling space-time interactions; see Wikle (2002); Xu et al. (2005); 
Dewar et al. (2008); Cressie and Wikle (2011); Richardson et al. (2018); De Bézenac et al. (2019); Wikle et al. (2019); 
Zammit-Mangion and Wikle (2020). This approach admits a first-order Markov dependence in time and allows for spa-
tial interactions by introducing a redistribution kernel M(·, ·; θ) that depends on parameters θ . Particularly, considering a 
spatio-temporal process with the continuous spatial index, say γt (s), the stochastic IDE can be formulated as

γt(s) =
∫

M
(
s, s′; θ)γt−1(s′)ds′ + ηt

(
s
)
,

where ηt
(
s
)

represents random perturbations, called innovation.

Because the space-time random coefficients v(r)
t

(
Br

l

)
in (4) are discretely defined with respect to space, we model the 

random coefficients for the rth resolution using a discretized stochastic IDE:

v(r)
t

(
Br

l

)= θ
(r)
1

Nr∑
l′=1

M
(

Br
l , Br

l′ ; θ(r)
2

)
v(r)

t−1

(
Br

l′
)+ η

(r)
t

(
Br

l

)
, (5)

where θ(r)
1 �= 0, the redistribution kernel M

(
Br

l , B
r
l′ ; θ(r)

2

)
depends on the coordinates of location Br

l , Br
l′ , and an unknown 

parameter θ(r)
2 > 0. The innovation η(r)

t =
(
η

(r)
t

(
Br

1

)
, · · · , η(r)

t

(
Br

Nr

))
follows a zero-mean Gaussian random field with a pre-

cision matrix Q (r) that may vary with time, i.e., η(r)
t ∼ N

(
0, Q −1,(r)

t

)
. We also assume that v(r)

0 ∼ N
(
0, Q −1,(r)

0

)
, where 

v(r)
0 =

(
v(r)

0

(
Br

1

)
, · · · , v(r)

0

(
Br

N

))
. In the setting of (5), the random coefficients are also called states or processes.
r

6
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This dynamic specification for the space-time random coefficients has several additional advantages over other ap-
proaches. Due to the use of the redistribution kernel, model (5) is more flexible in capturing the complex variations in 
space and time than the first-order autoregression imposed on the spatial dynamic downscaler model (Berrocal et al., 
2012). While most statistical descriptive approaches such as the SVC need to iteratively estimate some unknown parameters 
for the joint spatial or spatio-temporal dependence structure (Cressie and Wikle, 2011; Wikle et al., 2019), our dynamic 
scheme computes only the conditional dependence making it much more efficient.

4. Model implementation

Let yt = (
yt(s1), . . . , yt(sn)

)T
and xt,k′ = (

xt,k′ (s1), · · · , xt,k′ (sn)
)T

where k′ = {0, 1}, xt,0(si) = 1 for t = 1, · · · , Nt , 
and i = 1, · · · , n. Let αk be a Jk-dimensional column vector with αkj in the jth entry, and φt,k be an n × Jk ma-
trix with φk, j

(
zt,k(Csi )

)
in the (i, j)th element, for j = 1, · · · , Jk . Let In be an n × n identity matrix. We express 

h(r)
s = (

h(r)
l1

(s), · · · , h(r)
Nr

(s)
)

and v(r)
t =

(
v(r)

t

(
Br

1

)
, · · · , v(r)

t

(
Br

Nr

))
in (4), and assume a block diagonal precision matrix 

Q ι = diag
(

Q (1)
ι , · · · , Q (R)

ι

)
for ι = 0, 1, · · · , Nt . We also stack each of the basis functions, the random coefficients, and 

the innovations, and obtain hs =
(

h(1)
s , · · · , h(R)

s

)T
, vt =

(
v(1)

t , · · · , v(R)
t

)T
, and ηt =

(
η(1)

t , · · · , η(R)
t

)T
. Thus, the complete 

ADCM can be written in a matrix and hierarchical form:{
yt = X tβ + �tα + H vt + εt with εt ∼ N (0,σ 2 In)

vt = Mθ vt−1 + ηt with v0 ∼ N (0, Q −1
0 ) and ηt ∼ N (0, Q −1

t ),
(6)

where X t = (
xt,0, xt,1

)
, β = (

β0, β1
)T

, �t = (
φt,0, · · · , φt,4

)
is an n × J basis design matrix with J = j0 + · · · + j4, α =(

αT
0 , · · · , αT

4

)T
is a J × 1 vector of unknown basis coefficients, H = (

hs1 , · · · , hsn

)T
, εt = (

εt(s1), . . . , εt(sn)
)T

, and Mθ =
diag

(
θ

(1)
1 M

θ
(1)
2

, · · · , θ(R)
1 M

θ
(R)
2

)
is a block diagonal matrix with θ(r)

1 M
θ

(r)
2

at the rth block, here M
θ

(r)
2

is an Nr × Nr

matrix with M
(

Br
l , B

r
l′ ; θ(r)

2

)
in its lth row and l′th column. The error εt and the innovation ηt are mutually and serially 

independent, which also holds for ηt and vt−1.
Recently, to give a specific form of dynamic spatio-temporal model, Bradley et al. (2015a) proposed to restrict Mθ to 

the Moran’s I (MI) basis function as an known propagator matrix; see also Bradley et al. (2015b, 2019). MI is especially 
useful for analyzing areal data and reducing dimensional space for a very large spatial observation n. However, for point-
referenced spatio-temporal data such as the BTH PM2.5 concentrations and a small n, the applicability and performance of 
MI may require further investigation. An alternative approach is to set M

(
Bl, Bl′ ; θw

)
as physics-based operators based on a 

reaction-diffusion process (Hooten and Wikle, 2008; Hefley et al., 2017) or fluid dynamics (Wikle and Hooten, 2010) when 
the information of the physical process is available. For the ADCM, we hope that the proposed methodology can be applied 
to multiple pollutant datasets, not just the PM2.5. Thus, the form of M

(
Bl, Bl′ ; θw

)
is defined based on the results of data 

exploration while its dependent parameters are learned from the data. Specifically, for the BTH PM2.5 data, we try to capture 
spatial interactions of the processes as the processes evolve over time while removing the spurious spatial interactions from 
large spatial distances, as pointed out by Wikle and Hooten (2010) that “some types of interaction make sense for some 
processes, and some do not.” To achieve these goals, M

(
Bl, Bl′ ; θw

)
is set as a Wendland function with compact support 

W
(
dl,l′ ; θw

)
with the parameter θw > 0, where dl,l′ = ‖Bl − Bl′ ‖ and W (d; θw) is given by

W
(
d; θw

)=
{

1
12

(
1 − d/θw

)3(
1 + 3d/θw

)
if 0 ≤ d ≤ θw ,

0 otherwise.
(7)

This function expedites computation by creating sparse matrices. A similar Wendland function is also used in Nychka et al. 
(2015). More details on the Wendland functions can be found in Wendland (1995).

The implementation issues of the ADCM are studied in Sections 4.1−4.4, and the bias correction specification is given in 
Section 4.5.

4.1. Selection of basis functions and definition of spatial knots

Due to the seasonal behavior of the PM2.5 concentrations and sparse distribution in the boundary of meteorological 
variables as illustrated in Fig. 4, we construct the basis design matrix �t in (6) from cyclic cubic-spline basis functions 
with equidistant knots. The basis function h(r)

l (s) in (4) is defined as the Wendland function in (7) and written as h(r)
l (s) =

W
(
ds,Br

l
; chdH

max21−r
)

where ds,Br
l
= ‖s − Br

l ‖, ch ∈ (0, 1] is a constant, dH
max = maxs,l

{‖s − Br
l ‖
}

, and 21−r is a scale factor 
(refer to Section 2.3 of Nychka et al. (2015)).

We develop a procedure to parameterize Q ι for ι = 0, 1, · · · , Nt in (6) by introducing Nv spatial knots B where B ={
B1

1, · · · , B1
N1

, · · · , B2
1, · · · , B R

NR

}
. To capture spatial variation at various scales, we construct an R-resolution regular grid 

that covers the entire BTH region with the number of resolutions R = 2 (see Fig. 5). The details of the multi-resolution 
7
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Fig. 5. Two different resolutions of the BTH region and its extended area (“+” = coarse and “*” = fine). The symbols represent the centroids of the rectangular 
grids with a total of 788 points with 168 points at the coarse resolution and 620 points at the fine resolution.

grid construction can be found in Nychka et al. (2015). Using the rectangular grid centroids as the knots B , we obtain 2-
resolution spatial Markov structures based on the relationships among the knots at each resolution. For the rth resolution, 
we subsequently model the initial process v (r)

0 and the innovation η(r)
t as two Gaussian Markov random fields (GMRFs, Rue 

and Held (2005)) and specify their precision matrices as Q (r)
0 = τ

2,(r)
0

(
G (r) + ζ

2,(r)
0 I Nr

)
and Q (r)

t = τ 2,(r)
(
G (r) + ζ 2,(r) I Nr

)
, 

respectively. The elements of matrix G (r) are given by

G(r)
ll′ =

⎧⎪⎨⎪⎩
the number of neighbors of knot Br

l if l = l′,
−1 if Br

l is adjacent to Br
l′ ,

0 otherwise.

As suggested by one reviewer, we can also set a precision matrix from a GMRF to Q (r)
t = τ 2,(r) I with just one parameter 

τ 2,(r) . When most of the spatial interactions can be captured through a well-defined redistribution kernel M(·, ·; θ ), the 
simplest form of Q is preferred for the ADCM. The ADCM also allows other specifications for precision matrices such 
as conditional autoregressive (CAR) models (Besag, 1974; Sørbye and Rue, 2014; Bivand et al., 2015), the Leroux model 
(Leroux et al., 2000) for a generalization of the intrinsic CAR (ICAR, Besag et al. (1991)), and the simultaneous autoregressive 
(SAR, Anselin (1988)). See Cressie and Wikle (2011) and references for further detailed discussions on these specifications. 
Under the setting of the ADCM, a sensitivity analysis is provided in the Supplementary Material by using several different 
specifications of the precision matrices Q .

4.2. Estimation and algorithm

Let y1:t = {y1, · · · , yt}, v0:t = {v0, · · · , vt}, and � = {β, α, σ 2, θ1, θ2, τ 2, ζ , τ 2
0, ζ 0} where θ1 = {

θ
(1)
1 , · · · , θ(R)

1

}
, θ2 ={

θ
(1)
2 , · · · , θ(R)

2

}
, τ 2 = {

τ 2,(1), · · · , τ 2,(R)
}

, ζ = {
ζ (1), · · · , ζ (R)

}
, τ 2

0 = {
τ

2,(1)
0 , · · · , τ 2,(R)

0

}
, and ζ 0 = {

ζ
(1)
0 , · · · , ζ (R)

0

}
. Denote 

all observed data as y = y1:Nt
and the random coefficients as v = v0:Nt . We develop a multi-resolution ensemble Kalman 

smoother (MEnKS) scheme which is embedded in an EM algorithm (hereafter, MEnKS-EM) for parameter estimation. The 
filtering and smoothing of v are evaluated using the MEnKS algorithm first, and then the maximum likelihood estimation 
(MLE) of � is carried out through the EM algorithm. Moreover, a conditional simulation method is employed to assess the 
uncertainty quantification of several quantities including the estimates of � and the corrections of the numerical model 
outputs.

4.2.1. Likelihood function
The parameter estimation of the ADCM can be viewed as an MLE problem with missing data v and subsequently, solved 

using the EM algorithm (Dempster et al., 1977). We decompose the joint density of (y, v) into the following,

p
(

y, v|�)=
Nt∏

t=1

p
(

yt |vt,β,α,σ 2) Nt∏
t=1

p
(

vt |vt−1, θ1, θ2,τ
2, ζ

)
p
(

v0|τ 2
0, ζ 0

)
. (8)
8
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Based on the distributional assumptions of εt , ηt and v0 in (6), the log-likelihood of (y, v), up to an additive constant, is 
given by

2 log L
(
�; y, v

)= − nNt logσ 2 −
Nt∑

t=1

(
yt − X tβ − �tα − Hυt

)T (
yt − X tβ − �tα − Hυt

)
σ 2

+

Nt∑
t=1

log | Q t | −
Nt∑

t=1

(
υt − Mθυt−1

)T
Q t

(
υt − Mθυt−1

)+
log | Q 0| −

Nt∑
t=1

(
υ0 − μ0

)T
Q 0

(
υ0 − μ0

)
. (9)

4.2.2. The MEnKS-EM algorithm

We denote the conditional expectation of (9) with respect to v as the Q-function, i.e., Q
(
�
∣∣�(�)

)
= E v

[
2 log L

(
�; 

y, v
)∣∣y, �(�)

]
where �(�) is the estimate of the (�)th iteration. The EM algorithm alternates between the E-steps and 

the M-steps.
In the E-step, to compute the Q-function, we first obtain the filtering distribution p

(
vt |y1:t , �(�)

)
and the smoothing 

distribution p
(

vt |y1:u, �(�)
)

where u > t . The exact computation of the Q-function requires both filtering and smoothing 
distributions to be calculated exactly. Under a linear Gaussian assumption, although Kalman filter and Kalman smoother 
can infer these distributions exactly, their computations and storage easily become too expensive to be feasible (Katzfuss 
et al., 2016) as the number of spatial knots becomes large. This calls for approximating the Q-function. Several approxima-
tion methods have been proposed in the past including the stochastic EM (SEM) algorithm (Celeux, 1985; Ma and Kang, 
2020) and the Monte Carlo EM (MCEM) algorithm (Wei and Tanner, 1990). Instead of the SEM and MCEM algorithms, we 
extend the EnKS algorithm proposed by Evensen and Van Leeuwen (2000) to a multi-resolution EnKS for approximating 
the Q-function of our proposed model, where the expectation of the random variables on the right-hand side of (9) is ap-
proximated by a sample or an ensemble from the distribution. More specifically, the ensemble is first generated from the 
distribution of initial process v0 and then propagated forward in time based on the dynamic model (5). When new data 
become available, the ensemble is updated using a method similar to the Kalman filter. The filtering and the smoothing 
distributions of v can then be evaluated using the updated ensemble approximately. See the Algorithm 1 for more details 
on the MEnKS.

In Algorithm 1, since Ne is usually less than Nr , two tapering functions are used to avoid the rank deficiency and 
defined using the Wendland function as seen in (7) (Wikle et al., 2019). Specifically, the spatial tapering function is formed 
by �(r)

cs (l, l′) = W
(
dl,l′ ; csdB

max21−r
)

where �(r)
cs (l, l′) represents the (l, l′)th element of �(r)

cs , cs ∈ (0, 1] is a given constant, and 
dB

max = maxl,l′
{‖Bl − Bl′ ‖

}
. The temporal tapering function is set to γct (t

′, t) = W
(
dt; ct

)
where dt = t − t′ , and ct ∈ [1, Nt]

is a known constant.
In the M-step, because the smoothness of the unknown functions gk(·) in (1) usually needs to be controlled for a good fit 

of the data, a modification of the Q-function is required. Following Wood (2020), we first introduce a roughness penalty to 
the second term on the right-hand side of (9) and impose some identifiability constraints on (2). We then obtain a modified 
Q-function, denoted as Q̃

(
�
∣∣�(�)

)
= E v

[{
2 log L

(
�; y, v

) − ∑4
k=0 λk

∑Nt
t=1

( ∫
g′′

k (zt,k)
2dz + αT

k φT
t,k1n1T

n φt,kαk
)}∣∣y, �(�)

]
, 

where {λk}4
k=0 are the tuning parameters, g′′ is the second derivative of g , and 1n is an n-dimensional column vector 

filled with ones. The estimate of α can also be found analytically; see Appendix.
In summary, the MEnKS-EM algorithm is developed to solve the MLE of the ADCM iteratively. In the E-step, for a given 

set of parameters �, we first obtain the ensemble of the process v using the MEnKS in the Algorithm 1 and then evaluate 
the expectation, variance-covariance, and cross-covariance of v in the E-step of Algorithm 2. In the M-step, we update the 
estimation of � by maximizing Q̃; see Appendix. The entire MEnKS-EM algorithm is also summarized in Algorithm 2.

The MEnKS-EM algorithm has several computational advantages. First, the sparse matrix G(r) implies the sparsity of 
Q (r)

ι , which leads to a fast Cholesky factorization and thus an efficient sampling (Rue and Held, 2005) in the forecast step 
of Algorithm 1. Second, Algorithm 1 is a forward-only process unlike the standard forward-backward method (e.g., the 
Kalman smoother). Third, the independence of the GMRFs of different resolutions introduces some block-diagonal matrices 
such as the cross-covariance in the Algorithm 1, the state transition matrix Mθ , and the precision matrix Q ι involved 
in Algorithm 2; these sparse structures speed up the parameter estimation. Lastly, for the usual case where n 
 Nv , we 
can quickly invert an n × n matrix related to the Kalman gain K̂ t′,t in (U4) of the MEnKS using the Woodbury formula, 
i.e., 

(
H�̂t,t|t−1 H T + σ̂ 2 In

)−1 = σ̂−2 In − σ̂−2 H�−1 H T , where � = σ̂ 2�̂−1
t,t|t−1 + H T H . The matrix � is sparse for a block-

diagonal matrix �̂t,t|t−1 and a sparse H . For a given Nv × Ne matrix η, the linear system �ξ = η for ξ can be solved 
efficiently due to a sparse Cholesky decomposition of �, where the forward and backward substituting algorithms are used 
sequentially. As a result, (U4) of the MEnKS can be modified to
9
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Algorithm 1: Multi-resolution Ensemble Kalman smoother (MEnKS).

We use {v(e)
t′ |t
}Ne

e=1 to denote Ne ensemble members, which are approximate samples from p(vt′ |y1:t , �).

Input : �̂ and residuals ̂εt = yt − X t β̂ −�t α̂. Initialize Ne ensemble members 
{

v(e)
0|0
}Ne

e=1
where v(e)

0|0 = (̃
v(1,e)

0|0 , · · · , ̃v(r,e)
0|0

)T
with ̃v(r,e)

0|0 ∼
N
(

0, ̂Q −1,(r)
0

)
, here Q̂

(r)
0 = τ̂

2,(r)
0

(
G(r) + ζ̂

2,(r)
0 I Nr

)
.

begin
for t = 1, · · · , Nt do

for e = 1, · · · , Ne do
Forecast step: for r = 1, · · · , R do

ṽ(r,e)
t|t−1 = θ̂

(r)
1 M

θ̂
(r)
2

ṽ(r,e)
t−1|t−1 + η(r,e)

t where η(r,e)
t ∼ N

(
0, ̂Q −1,(r)

t

)
and Q̂

(r)
t = τ̂ 2,(r)

(
G(r) + ζ̂ 2,(r) Im

)
.

end
Update step: for t′ = max{0, t − ct }, · · · , t do

for r = 1, · · · , R do

(U1) Update the cross-covariance matrix: �̃(r)
t′,t|t−1 = 1

Ne−1

∑Ne
e=1

(
ṽ(r,e)

t′ |t−1 − v̂(r)
t′ |t−1

)(
ṽ(r,e)

t|t−1 − v̂(r)
t|t−1

)T

where ̂v(r)
t′ |t−1 = 1

Ne

∑Ne
e=1 ṽ(r,e)

t′ |t−1.

(U2) Regularize the cross-covariance matrix: �̂(r)
t′,t|t−1 = �̃

(r)
t′,t|t−1 ◦ �

(r)
cs γct (t

′, t), where the “◦”

denotes the element-wise multiplication, �(r)
cs and γct (t

′, t) are defined using (7), cs and
ct are two fixed tapering parameters.

end

(U3) Obtain a complete cross-covariance: �̂t′,t|t−1 = diag
(
�̂

(1)

t′,t|t−1, · · · , ̂�(R)

t′,t|t−1

)
.

(U4) Update the smoothed ensemble:

v(e)
t′ |t = v(e)

t′ |t−1 + K̂ t′,t
(
ε̂t − ỹ(e)

t

)
, (10)

where v(e)
t′ |t = (

ṽ(1,e)
t′ |t , · · · , ̃v(r,e)

t′ |t
)T

, K̂ t′,t = �̂t′,t|t−1 H T
(

H�̂t,t|t−1 H T + σ̂ 2 In
)−1

, and ̃y(e)
t =

H v(e)
t|t−1 + ε(e)

t is the pseudo observation with noise ε(e)
t ∼ N

(
0, σ̂ 2 In

)
.

end
end

end

return all ensemble members {v(e)
t|T
}

at all time points.

end

v(e)
t′|t = v(e)

t′|t−1 + σ̂−2�̂t,t′|t−1 H T
{

In
(̂
εt − ỹ(e)

t

)− H ξ̂
}
, (11)

where ξ̂ is a solution of the system �ξ = H T
(̂
εt − ỹ(e)

t

)
and obtained via functions forwardsolve and backsolve in 

the R package spam (Furrer and Sain, 2010). We find that the computation of both (11) and the system above is nearly 15
times faster than that of (U4) using a simulation with spatial size n = 2,000 in Section 5.

4.3. Selection of tuning parameters

Several tuning parameters need to be selected. First, the parameter ch for H in Section 4.1 depends on the spatial 
distribution of the data, and data exploration may help in its selection, such as the empirical variogram in Fig. 2. In general, 
the value of the product chdH

max related to the basis matrix H in Section 4.1 is at least equal to the spatial range of data. 
Since the monitoring stations in the BTH region are distributed sparsely in space and clustered in urban areas, to identify 
the bias of model outputs in rural areas, we would have to set the value of the product to be greater than the spatial range 
obtained from the empirical variogram. We set ch = 0.3 in the data analysis of Section 6, corresponding to about 180 km. In 
the simulation study of Section 5, because the spatial size of the simulated data is greater than the number of monitoring 
stations and the simulated points are not clustered in space, we use a smaller ch = 0.2. Second, for the two tapering 
parameters in Algorithm 1, cs and ct , the simulation studies and data analysis suggest that the ADCM performs well when 
these values are not too large. We set cs = 0.1 for the BTH data, cs = 0.2 for the simulation studies, and ct = 1 for all cases. 
Lastly, when we increase the number of ensemble members Ne , we could achieve a higher accuracy of approximation but 
at the expense of computational costs. In the literature, Ne = O (100) is considered to be a reasonable choice (Mitchell et al., 
2002; Houtekamer and Zhang, 2016), and we use Ne = 100 here. It is worth mentioning that in real-world applications, the 
tuning parameters can be selected using cross-validation methods such as the procedure described in Section 6.1. Moreover, 
kernel-based bandwidth selection methods, such as those proposed by Sheather and Jones (1991) and Chaudhuri et al. 
(2017), may potentially be applied to explore the appropriate value for ch .
10
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Algorithm 2: The MEnKS-EM algorithm for the ADCM.
We let ε represent a relative error. The convergence threshold is set to 0.01 in this work.
Input : �̂(0) , set the current data log-likelihood as CurrentLoglik =∑Ne

t=1 log p
(

yt |vt , β(0), α(0), σ 2,(0)
)

with vt = 0, and ε(0) = |CurrentLoglik|.
begin

PastLoglik = CurrentLoglik and � = 1.
while ε(�−1) > 0.01 or � = 1 do

1. Ensemble-step: Input �̂(�−1) to Algorithm 1 and obtain ensemble members {v(e,�)
t|Nt

}
.

2. E-step: Based on {v(e,�)
t|Nt

}
, evaluate the expectation, variance-covariance, and cross-covariance of v by executing the following loops: for

r = 1, · · · , R do
for t = 1, · · · , Nt do

v̂(r,�)
t|Nt

= 1

Ne

Ne∑
e=1

ṽ(r,e,�)
t|Nt

,

�̂
(r,�)
t,t|Nt

= 1

Ne − 1

Ne∑
e=1

(
ṽ(r,e,�)

t|Nt
− v̂(r,�)

t|Nt

)(
ṽ(r,e,�)

t|Nt
− v̂(r,�)

t|Nt

)T ◦ �cs γct (t, t),

�̂
(r,�)
t−1,t|Nt

= 1

Ne − 1

Ne∑
e=1

(
ṽ(r,e,�)

t−1|Nt
− v̂(r,�)

t−1|Nt

)(
ṽ(r,e,�)

t|Nt
− v̂(r,�)

t|Nt

)T ◦ �cs γct (t − 1, t).

end
end
Obtain three block diagonal matrices,

S (�)
00 = diag

(
S (1,�)

00 , · · · , S (R,�)
00

)
,

S (�)
01 = diag

(
S (1,�)

01 , · · · , S (R,�)
01

)
, and

S (�)
11 = diag

(
S (1,�)

11 , · · · , S (R,�)
11

)
,

where S (r,�)
00 =∑Nt

t=1

(
v̂(r,�)

t−1|Nt
v̂ T ,(r,�)

t−1|Nt
+ �̂

(r,�)
t−1,t−1|Nt

)
, S (r,�)

01 =∑Nt
t=1

(
v̂(r,�)

t−1|Nt
v̂ T ,(r,�)

t|Nt
+ �̂

(r,�)
t−1,t|Nt

)
, and S (r,�)

11 =∑Nt
t=1

(
v̂(r,�)

t|Nt
v̂ T ,(r,�)

t|Nt
+ �̂

(r,�)
t,t|Nt

)
for r = 1, · · · , R .

3. M-step: Update �̂(�−1) to �̂(�) using results provided in Appendix. Update several variables to

CurrentLoglik =
Nt∑

t=1

log p
(

yt |v(�)
t|Nt

,β(�),α(�), σ 2,(�)
)
,

ε(�) =
∣∣∣ PastLoglike − CurrentLoglik

PastLoglike

∣∣∣,
PastLoglike = CurrentLoglik, and

� = � + 1.

end

return �̂ = �̂(�) and vt|Nt = v(�)
t|Nt

.

end

4.4. Prediction using conditional simulation

Following Nychka et al. (2015), we adopt a conditional simulation method to quantify the uncertainty of the parameter 
estimates and predictions. To be specific, we first use the Monte Carlo algorithm to obtain a sample of the conditional 
distribution p

(
β, α, v|y, ̂�

)
, then generate a space-time predictive sample at any unobservable spatial location s0 and time 

point t . This conditional simulation can be carried out by the following three steps:

(a) Generate synthetic observations using y∗
t (s) = xt(s)β̂ + �t(s)α̂ + hT

s v∗
t + ε∗

t (s), where v∗
t are realizations of the space-

time process vt using the dynamic model (5), and ε∗
t (s) ∼N (0, ̂σ 2).

(b) Estimate �̂∗ and v̂∗
t based on the synthetic observations y∗

t .
(c) Compute �̃ = �̂ + (

�̂ − �̂∗) and ṽt = v̂t + (
v∗

t − v̂∗
t

)
, further generate the space-time predictive sample at location s0

and time point t by

yt(s0) = xt(s0)β̃ + �t(s0)α̃ + hT
s ṽt + ε̃t(s0) with ε̃t(s0) ∼ N (0, σ̂ 2). (12)
0
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4.5. Bias correction specification

For a specific CMAQ grid cell, say C0, we uniformly sample 50 spatial points in C0 and denote them as 
{

si′
0

}50
i′=1. Then 

we repeat the conditional simulation Nc times and obtain Nc predictive samples for each si′
0 , that is

y(c)
t

(
si′

0

)= xt
(
si′

0

)
β̃

(c) + �t
(
si′

0

)
α̃(c) + hT

si′
0

ṽ(c)
t + ε

(c)
t

(
si′

0

)
, (13)

where c = 1, · · · , Nc . In this work, Nc = 100.
We denote the correction of CMAQ grid cell C0 as ỹt(C0). Then, the expectation and variance of ỹt(C0) can be written 

as follows:

E
{

ỹt(C0)
}= 1

50Nc

Nc∑
c=1

50∑
i′=1

y(c)
t

(
si′

0

)
,

Var
{

ỹt(C0)
}= 1

50Nc − 1

Nc∑
c=1

50∑
i′=1

[
y(c)

t

(
si′

0

)− E
{

ỹt(C0)
}]2

.

5. Simulation study

To investigate the capability of the ADCM to capture nonlinear relationships and spatio-temporal patterns, we perform 
a simulation study with data generated from a model with a nonseparable spatio-temporal covariance of the Gneiting class 
(Gneiting, 2002).

5.1. Simulation design

We set the spatial domain D′ to be the BTH region with 2,499 equally spaced grids, which are located at the centroids 
of the regular CMAQ grids as shown in Fig. 6 (a) and denoted as Ci′′ for i′′ = 1, · · · , 2499. The time domain T ′ is set to be 
[0, 1] with 30 equally spaced time points. For any s ∈D′ at time point t ∈ T ′ , we use the following model to generate data,

yt(s) = β0 + β1x1,t(s) + β2x2,t(s) + g̃0(t) + g̃1
(
zt(s)

)+ wt(s) + εt(s), (14)

where the covariate x1,t(s) is generated from the standard normal distribution, x2,t(s) is from a spatial Gaussian ran-
dom field with mean 0 and an isotropic exponential covariance kernel, i.e., for location s and s′ , Cov

(
x2,t(s), x2,t(s′)

) =
exp

(−10‖s − s′‖/ds
max

)
with ds

max = maxs,s′
{‖s − s′‖}, g̃0(·) and g̃1(·) are two smooth functions, zt(s) is sampled from a 

uniform distribution with the interval [0, 1], the spatio-temporal random process w t(s) is mutually and serially indepen-
dent of the error term εt(s), and the error term is set to εt(s) ∼ N(0, σ 2). The random process wt(s) follows a zero-mean 
stationary space-time Gaussian process with a kernel specified in the Gneiting class (Gneiting, 2002). For any (s, t) and 
(s′, t′), the covariance between wt(s) and wt′ (s′) is given by

cov
(

wt(s), wt′(s′)
)= σ 2

w

(
1 + �t(τ )

)−δ/2
�s

(
u/
√

�t(τ )
)
, (15)

where τ = |t − t′|, σw > 0, δ ≥ 2, �t(τ ) = (|τ/φt |a + 1
)−b/a

for φt > 0, a ∈ (0, 2] and b > 0, u = ‖s − s′‖, �s(u) =
21−ν�−1(ν)

(√
2νu/φs

)ν
Kν

(√
2νu/φs

)
for φs > 0, ν > 0, �(·) is the Gamma function, and Kν is the modified Bessel function 

of the second kind.
In (14), we set the regression coefficients to β = (15, 1, 1), the smooth function g̃0(t) = g̃1(1 − t) with g̃1(z) = 25z11(1 −

z)6 + 104z3(1 − z)10, and the variance of εt(s) is set to σ 2 = 0.1. The same smooth functions are used in the simulation 
study of generalized additive mixed models (Wood, 2017). For (15), we set σ 2

w = 1, δ = 2, a = 1, b = 1.5, φt = 0.2 for �t , 
and ν = 3, φs = 100 for �s .

The simulation consists of the following steps:

Step 1: Sample wt(s) using (15), where s ∈ S = {
C1, · · · , C2499

}
, and t = 0, 1/29, · · · , 1.

Step 2: Generate synthetic data yt(s) using (14).
Step 3: Sample n spatial points from S and denote as S(1) = {

s′
1, · · · , s′

n

}
; see Fig. 6 (b) for an example of randomly sampled 

locations when n = 100. Let S(2) = S\S(1) . The training set is from S(1) while the test set is from S(2) .
Step 4: Fit the ADCM using the training set through Algorithms 1 and 2, and generate predictions of the test data yt(s) in 

S(2) , denoted by ŷt(s).
Step 5: Repeat Steps 2 − 4 to assess the estimates of the parameters (e.g., β), the functions (i.e., g̃0 and g̃1), the predictions 

ŷt(s), and the recovered surface for the random process wt(s).
12
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Fig. 6. Spatial sampling domain of the simulation study: (a) Centroids of 2,499 9-km CMAQ grids (dots). (b) 100 locations were randomly sampled from 
the BTH region (pluses).

Table 1
The biases, standard deviations (SD), and mean squared errors (MSEs) of the regression coefficients, nonlinear 
functions, and predictions when the training spatial sample size n = 100 and 2,000. The results are based 
on 200 independent simulations and obtained using two models: (1) the additive model (ADM) and (2) the 
proposed additive dynamic correction model (ADCM). The smallest MSE is in bold.

n Model Criteria β0(= 15) β1(= 1) β2(= 1) g̃0(t) g̃1(z) Prediction

100 ADM bias -0.00135 -0.00191 0.00003 0.11623 0.00033 -
SD 0.07311 0.01231 0.02640 0.05521 0.06563 -
MSE 0.00535 0.00016 0.00070 0.11937 0.00465 0.45723

ADCM Bias -0.01229 -0.00026 0.00089 0.07226 0.00008
SD 0.06590 0.00762 0.01274 0.05537 0.05609
MSE 0.00449 0.00006 0.00016 0.07545 0.00323 0.16814

2,000 ADM bias 0.00048 -0.00044 0.00246 0.15335 0.00002 -
SD 0.00776 0.00278 0.02459 0.05028 0.01600 -
MSE 0.00006 0.00001 0.00061 0.15642 0.00028 0.42697

ADCM Bias -0.00056 -0.00017 0.00062 0.07427 0.00001
SD 0.01680 0.00139 0.00963 0.00725 0.01224
MSE 0.00028 0.00000 0.00009 0.07432 0.00016 0.10709

We choose the additive model (ADM) for comparison because it can capture nonlinear relationships and fit spatio-
temporal processes through basis smoothing procedures (Wood, 2017). The ADM is similar to the ADCM except that the 
ADM’s wt(s) in (14) is represented by a 3-dimensional smooth function, say g2, and approximated by the thin plate spline 
smooth function (Wood, 2017). The ADM is formulated to yt(s) = β0 + β1x1,t(s) + β2x2,t(s) + g̃0(t) + g̃1

(
zt(s)

)+ g̃2(s, t) +
εt(s) and implemented through the R package mgcv (Wood, 2022).

The two smooth functions g̃0 and g̃1 are modeled by cyclic cubic-spline basis functions with equidistant knots and 
second-order penalties. The numbers of basis functions are set to 10 and 50 for g̃0 and g̃1, respectively. In step 5, the 
parameter estimates are evaluated using bias, standard deviation (SD), and mean squared error (MSE). For the time-invariant 
parameters, the definitions of these criteria are standard. For a smooth function, say f (t), bias f =

∫ {
E( f̂ ) − f

}2
dt , SD f =∫ √

E
{

f̂ − E( f̂ )
}2

dt and MSE f =
∫

E
(

f̂ − f
)2

dt . To investigate the effect of the spatial sample size of the training set, we 
consider n = 100 and n = 2,000. Under each setting, we repeat the procedure 200 times and report the results in Table 1.

5.2. Simulation results

The results displayed in Table 1 reveal that the ADM and ADCM have minimal biases, standard deviations, and mean 
squared errors for the estimates of regression coefficients and nonlinear functions. Compared to the ADM, the ADCM in 
almost all cases yields more efficient estimates with lower standard deviations and produces even smaller MSEs for the 
estimates and the predictions. Based on the ADCM, the estimates of nonlinear functions match very well with the true 
functions when n = 100 as displayed in Fig. 7. The same results hold for n = 2,000.

In addition, our proposed basis approximation for wt(s) in (4) successfully captures most of the spatio-temporal patterns 
in the true spatio-temporal process. As an illustration, Fig. 8 demonstrates the excellent performance of the ADCM in 
13
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Fig. 7. The true and estimated nonlinear functions g0(t) (left) and g1(z) (right) when the spatial sample size n = 100.

recovering the true wt(s) from a simulated diffusion process for n = 100 and 2,000. As the training sample size increases, 
the predicted maps resemble the simulated map in the first row more. Even when n = 100, the ADCM does a remarkable 
job of characterizing the patterns of the random process wt(s). Moreover, the averaged root mean squared errors of the 
predictions for wt(s) for n = 100 and 2,000 are as low as 0.3672 and 0.2756, respectively, implying the validity of our 
proposed basis approximation of wt(s) in (4).

6. Data analysis

6.1. Cross validation

In this section, we evaluate the prediction performance of the ADCM using a regional cross-validation method called 
leave-one-city-out cross-validation (LOCOCV). Each time, observations from one of the thirteen cities are set aside for model 
testing and data from the remaining twelve cities are used to fit the model.

In addition to the ADM, we compare the proposed ADCM with three spatial or spatio-temporal models, including a spatial 
downscaler model with spatially varying coefficients (SVC, Gelfand et al. (2003)), a Bayesian spatio-temporal downscaler 
model with spatiotemporally varying coefficients (STVC, see Section 3.2 of Berrocal et al. (2010b)), and a Bayesian spatio-
temporal model that allows for first-order spatiotemporal autoregression (STAR, see Section 4.2 of Blangiardo et al. (2013)
or Section 7.2 of Blangiardo and Cameletti (2015)). The SVC models have been widely used in modeling air pollution in 
recent years and their applications in the fusion of data of different spatial support have been rather prevalent (Bass and 
Sahu, 2019; Jiang and Enki Yoo, 2019; Berrocal et al., 2020). In contrast to the SVC models, the STVC model allows the 
intercept and slope to vary with time, and the STAR model allows random processes to have a time-dynamic structure. In 
this work, the SVC model is implemented through maximum likelihood estimation methods (Dambon et al., 2021a) using 
the R package varycoef (Dambon et al., 2021b). For the spatiotemporal SVCs, the Gaussian process involved in the STVC 
or STAR is first linked to the GMRF (Rue and Held, 2005)) via a stochastic partial differential equation (SPDE, Lindgren et al. 
(2011)), and then two models can be estimated via the integrated nested Laplace approximation (INLA, Rue et al. (2009)) 
that is available through the R package INLA (Lindgren and Rue, 2015). In the recent 10 year, INLA has been shown as a 
powerful tool in dealing with large datasets in Bayesian analysis (Rue et al., 2017). Additional details of these competing 
models are provided in the Supplementary Material.

For model comparison, two commonly accepted criteria are adopted: the root mean squared error (RMSE) and the 
continuous rank probability score (CRPS, Gneiting and Raftery (2007); Jordan et al. (2019)). The CRPS is defined as CRPS =

1
n0 Nt

∑Nt
t=1

∑n0
i=1 crps

(
Ft(si), yt(si)

)
with crps

(
F , y

)= σy

[
1√
π

−2 f
(

y−μy
σy

)
− y−μy

σy

{
2�

(
y−μy
σy

)
−1

}]
for a normal predictive 

distribution F with mean μy and variance σ 2
y , where f (·) and �(·) represent the probability density function and the 

cumulative distribution function of a standard normal random variable, respectively. In summary, a smaller RMSE or CRPS 
indicates more accurate, precise, or sharp predictions.

The summary results displayed in Table 2 show that the proposed ADCM beats all five competing models in terms of 
the average RMSE and CRPS, as seen in the last row of the table. Considering all cities individually, ADCM has the lowest 
RMSE for 8 cities, the second lowest RMSE for 2 cities, the lowest CRPS for 5 cities, and the second lowest CRPS for another 
3 cities. The CMAQ outputs have the worst performance among all models suggesting an urgent need for correction of the 
numerical model outputs. Our ADCM improves the CMAQ outputs by 43.70% and 34.76% in the average RMSE and CRPS, 
respectively. Compared to smoothing-based approaches such as the ADM, the ADCM improves the performance by 14.04%
in average RMSE and 10.07% in average CRPS. In the BTH region, the STVC or STAR generally predicts better than the SVC, 
implying that both the spatial and temporal structures are critical for improving the CMAQ outputs. The ADCM further 
improves the performance of the STVC or STAR by at least 14.09% in average RMSE and 11.55% in average CRPS, and the 
performance of the SVC by 28.30% and 23.66%, respectively. It is worth noting that the predictions at Zhangjiakou using SVC, 
STVC, or STAR are worse than the CMAQ outputs. This is because the PM2.5 concentrations in Zhangjiakou were significantly 
lower than in its surrounding cities, and the absence of spatial interactions in the three models led to their poor predictions. 
14
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Fig. 8. Maps of the random process wt (s) in the Gneiting space-time covariance model. From top to bottom: simulated wt (s) map, map of 100 sampling 
locations, predicted wt(s) map based on the 100 locations, map of 2,000 sampling locations, and predicted wt(s) map based on the 2,000 locations. The 
time horizon is from time = 26 to time = 30.

This indicates that spatial interactions of the residuals from the model yt (s) ∼ β0 + β1xt(Cs) +∑4
k=0

∑ Jk
j=0 αk, jφk, j

(
zt,k(Cs)

)
are critical for improving the CMAQ outputs. Downscaler models with a single predictor (i.e., the CMAQ outputs) are often 
used for real-world applications (Berrocal et al., 2010b, 2020), we thus considered weighted CMAQ outputs as the single 
predictor for all models. These cross-validation results are presented in Table S1 of the Supplementary Material. Compared 
to other models, the ADCM with the single predictor improves the performance by at least 7.82% in average RMSE and 7.13% 
in average CRPS.

To further assess the prediction performance of the ADCM, we take Langfang as an example and present the ADCM 
predictions, the CMAQ model outputs, and the actual observations at Langfang in Fig. 9. Compared to the CMAQ outputs, 
the mean predictions of the ADCM are much closer to the true observations with almost all observations covered by the 
95% confidence intervals of the ADCM. This visual comparison and the aforementioned numerical metrics provide substantial 
evidence for the effectiveness of the ADCM in correcting the CMAQ outputs in the BTH region.

6.2. Correcting the raw CMAQ PM2.5 outputs in the BTH region

In this section, we use the ADCM to fit all PM2.5 concentration data of the thirteen BTH cities and then correct the 
raw CMAQ outputs of PM2.5 concentrations in the BTH region. Particularly, in the model fitting stage, we obtain the trend 
estimate with 95% confidence intervals over time; see Fig. 10 (a). This trend peaked at the end of December 2015, mostly 
due to coal-burning for heating in winter, leading to an increase in the emission of fine particulate matters such as PM2.5
(Liang et al., 2016). The nonlinear relationships between the PM2.5 concentrations and four meteorological variables are also 
15
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Table 2
Averaged RMSE and CRPS of PM2.5 concentration predictions (μg/m3 ) at 13 cities in the BTH region using LOCOCV from five models: 
(1) CMAQ model output, (2) spatially-varying coefficient downscaling model (SVC), (3) spatiotemporally-varying coefficient downscaling 
model (STVC), (4) first-order spatiotemporal autoregression (STAR), (5) additive model (ADM), and (6) proposed additive dynamic correc-
tion model (ADCM). The smallest RMSE and CRPS are in bold, and the second smallest ones are underlined. Daily data from November 1, 
2015 to January 31, 2016 are considered.

City RMSE CRPS

CMAQ SVC STVC STAR ADM ADCM CMAQ SVC STVC STAR ADM ADCM

Baoding 94.64 75.02 76.76 75.84 75.28 73.96 50.35 40.66 41.12 40.83 41.34 39.65
Beijing 92.52 62.42 58.75 62.50 67.48 54.23 45.82 32.89 30.37 30.97 35.88 30.83
Cangzhou 60.89 45.18 31.90 33.90 45.81 34.91 31.78 29.42 23.16 23.98 29.87 22.80
Chengde 41.62 62.39 25.23 24.34 30.28 26.83 22.66 30.73 15.55 15.05 16.69 15.29
Handan 66.09 57.61 53.94 57.04 54.60 48.11 37.58 36.33 34.99 36.30 34.26 31.62
Hengshui 91.19 60.31 57.32 57.16 59.19 56.11 46.21 33.01 31.15 31.26 33.69 31.82
Langfang 85.44 40.75 36.31 38.63 45.28 36.21 46.17 27.66 27.18 26.37 27.94 27.75
Qinhuangdao 46.19 80.10 36.60 45.96 30.44 23.60 24.90 42.81 21.16 26.37 17.10 14.42
Shijiazhuang 87.72 53.40 47.92 46.25 62.07 53.07 48.18 33.20 30.92 30.17 38.85 34.47
Tangshan 95.75 33.19 35.85 28.42 34.24 32.94 52.20 23.04 21.02 19.60 22.35 20.62
Tianjin 70.57 36.11 29.93 33.43 42.40 32.84 38.00 25.56 23.49 24.19 27.81 25.01
Xingtai 85.69 58.37 54.25 53.63 54.52 52.98 45.46 33.93 31.70 30.89 31.96 31.86
Zhangjiakou 64.42 106.78 102.09 86.92 42.00 27.46 33.94 58.04 65.12 50.00 21.82 15.20

Average 75.60 59.36 49.76 49.54 49.51 42.56 40.25 34.40 30.53 29.69 29.20 26.26

Fig. 9. Time series plot of observed PM2.5 concentrations, the pre-correction CMAQ outputs, and the predicted PM2.5 concentrations with conditionally 
simulated 95% confidence intervals (CI) obtained using the proposed ADCM model at Langfang.

Fig. 10. Estimated nonlinear functions ĝ(·) with conditionally simulated 95% confidence intervals (CI). Figures (a)-(e) represent the estimates of functions 
for time, surface temperature, surface pressure, and eastern and northern cumulative wind powers, respectively.

estimated and presented in Fig. 10 (b)-(e) in turn. These results show that PM2.5 readings from monitoring stations are 
nonlinearly affected by different weather conditions, consistent with the findings in Liang et al. (2015).

We follow the procedure described in Section 4.5 to carry out the bias correction. First, a sample of 50 locations in each 
CMAQ grid cell is randomly generated, resulting in a total of 124,950 spatial locations in the BTH region. We then apply the 
fitted ADCM to correct the space-time outputs of the CMAQ model for the entire BTH region. A severe air pollution episode 
in the BTH region from November 26, 2015 to December 1, 2015 is used to demonstrate the correction results. In Fig. 11, 
the average PM2.5 concentration in each of the thirteen cities is marked by tiny solid squares. In general, a smooth transition 
from the cities (solid squares) to the rural areas implies an excellent correction. It is noticeable that the CMAQ outputs fail 
to match well with most of the average PM2.5 concentration data in the cities. The ADCM corrections, on the other hand, 
produce a smooth transition from the cities to their surrounding areas, demonstrating the significant improvement made by 
the proposed method on the CMAQ outputs.
16



Y. Chen, X. Chang, F. Luo et al. Computational Statistics and Data Analysis 187 (2023) 107799
Fig. 11. CMAQ numerical model outputs before and after the ADCM correction from November 26 to December 1, 2015. The solid squares represent the 
average PM2.5 levels at the monitoring stations.

6.3. Computational efficiency

To assess the computational efficiency of our method, we compare the running time of the ADCM with the benchmark 
SVC based on the MLE and STAR based on the INLA. Model fitting and corrections from two methods were run on a 10-core 
workstation with 128 GB of memory and a 3.8 GHz Intel Core i9-10900KF processor. In the model fitting stage, although 
the proposed ADCM takes more time than the SVC for a small number of spatial observations (i.e., n), it is much more 
advantageous when n is large because its computational complexity is not heavily affected by the size of the data (e.g., 
n), as discussed in Section 4.2.2. For example, when n = 1,000 and Nt = 30, the ADCM is almost 20 times faster than 
the SVC and 10 times faster than the STAR. Please refer to Table S2 of the Supplementary Material for other examples. In 
the correction stage, the ADCM is also more computationally efficient than the SVC. From a computational point of view, 
the flops operations of the ADCM using (12) mainly depend on the term Hυt . At an unobservable spatial point, the flops 
operations for producing a single predictive sample are no more than O (c2

h Nv Nt) with ch ∈ (0, 1] and Nv = 788 for the 
BTH data, whereas the SVC requires O (n2 Nt) flops operations for a single predictive sample in the kriging (Chen and Stein, 
2021). When correcting the raw CMAQ outputs in the BTH region, it took the SVC 457 seconds to generate a corrected 
sample of 124,950 spatial points, but only 169 seconds for the ADCM to do the same. Overall, the ADCM is a much more 
computationally efficient method than the SVC for correcting the CMAQ outputs in the BTH region. The source code of the 
ADCM is mostly written in the R language, thus its computational efficiency could be further improved through a low-level 
language such as C.

7. Discussion

In this work, we develop a novel method to correct large-scale numerical model raw outputs. The users can correct 
model outputs using datasets from multiple sources with different spatial supports and explore different small-scale vari-
ations of the bias field of the model outputs. The entire methodology can be completed quickly because the estimation, 
implementation, and correction are all carried out efficiently through well-designed procedures including the use of sparse 
matrices, efficient algorithms, and others. The simulation study presented in Section 5.1 illustrates that our model success-
fully captured nonlinear relationships and complex spatio-temporal patterns that are frequently observed in real-life data, 
such as a process with a nonseparable spatio-temporal covariance of the Gneiting class (Gneiting, 2002). The application 
study using the BTH PM2.5 concentration data demonstrates that, compared to other popular methods, the proposed ap-
proach is not only more effective and computationally efficient in correcting the raw CMAQ model outputs, but also able 
to capture nonlinear relationships between the response and other variables, and model the space-time interactions in the 
air pollution data. The proposed ADCM is also robust for the different specifications of precision matrices for the IDE (5), 
including the CAR, Leroux model, and SAR, etc. as shown in Table S3 of the Supplementary Material.

Our study is subject to some limitations. Although the normality assumptions of the error and the innovation in (6)
can greatly simplify the computations, this assumption may not be realistic and appropriate for air pollution data. While 
the dynamic approach provides a flexible framework to describe space-time interactions by specifying different redistri-
bution kernels such as the Gaussian kernel or radial basis function, the selection of the kernel function is important for 
the approach and often largely depends on our understanding of data. Moreover, Theorem 1 of De Bézenac et al. (2019)
showed the solution of the Gaussian-based IDE method corresponds to that of an advection-diffusion equation. However, it 
is currently unknown whether the solution of the Wendland-based IDE method also corresponds to the solution of a spe-
cific differential equation. Further investigation is required in future research to determine the precise differential equation 
associated with the Wendland-based IDE.
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This approach can be conveniently extended to other versions and offers flexibility to meet a wide range of needs. For 
example, to model non-Gaussian data (Bradley et al., 2019) or data with even more elaborate relationships among the 
variables than that in this work, we can apply nonlinear operators of dynamic modeling that are induced by the laws of 
physics such as the Lorenz-96 evolution model (Lorenz, 1996) or employ fast sampling algorithms in a Bayesian framework 
(Riabiz et al., 2022). This is worth further investigation.
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Appendix A. M-step of EM algorithm of the ADCM

• Update α to α̂(�) using the formula at the �th iteration:

α̂(�) =
(

Nt∑
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t �t + �t,λ

)−1 Nt∑
t=1

�T
t

(
yt − X t β̂

(�−1) − H v̂(�)
t|Nt

)
,

where �t,λ is a penalty matrix and depends on the tuning parameters, λ0, · · · , λ4, which can be obtained by generalized 
cross validation.

• Update β to β̂(�)
using the formula:
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• Update σ 2 to σ̂ 2,(�) using the formula:
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where Tr(A) denotes the trace of the matrix A .
• Update θ̂ (r)
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• Update τ 2,(r) to τ̂ 2,(r,�) using the formula:
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where �(r,�) = G(r) + ζ 2,(r,�) I Nr .

• Update τ 2,(r)
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}
.

The optimization problems above can be solved using the standard numerical optimization algorithms such as the 
Broyden–Fletcher–Goldfarb–Shanno (BFGS). In this work, we carry out the optimization using PORT routines in nlminb
function in R environment.
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Appendix B. Supplementary material

The “SuppMaterial.pdf” file in Supplementary Material describes the competing models discussed in this work, provides 
additional comparisons with simulated data, and gives a sensitivity analysis for the ADCM for different specifications of the 
precision matrices of IDE models.

Supplementary material related to this article can be found online at https://doi .org /10 .1016 /j .csda .2023 .107799.
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